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Abstract. The energy of long-range Coulomb and dipole—dipole interactions in three-dimensional
systems with periodicity in one direction is derived by an Ewald summation technique. It is found
that, in contrast to the case with periodicity in all three directions, no convergence factor is needed
to obtain a convergent result.

1. Introduction

Molecular dynamics as well as Monte Carlo simulations have become important tools for the
study of classical statistical mechanics of many-body systems. In many models of practical
interest it is necessary to consider long-range electrostatic interactions between the particles,
such as charge—charge, charge—dipole, dipole—dipole, and charge—quadrupole interactions.
These interactions decrease with distance r as r—>** with & > 0. Hence, when applying
periodic boundary conditions for three-dimensional systems, the sum of the energy over the
images of the system is only conditionally convergent. To solve this problem, the Ewald
summation technique is widely used [1-5]. However, in some cases one may encounter
systems, which are infinite in some directions and finite in other directions. For example, in
simulations of membranes and other liquid or solid surfaces, one needs to extend the Ewald
summation technique to three-dimensional systems with periodicity in two directions only,
where the result has been obtained recently [6].

In this paper, an Ewald summation technique is developed to derive the energy of long-
range electrostatic interactions in three-dimensional systems with periodicity in one direction.
Possible applications include transport of charged particles through channels or wires. In
section 2, the energy of charged particles obeying Coulomb interaction is derived. Then,
considering the same geometry for particles with point-like dipole moments, the analogous
expression for dipole—dipole interaction is obtained in section 3.

2. Coulomb interaction

In the following, a simulation box of size L x L’ x L” containing N charges is considered.
The charges g, are located at position r,, and the simulation box is assumed to have no net
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charge, ZLV:, qu = 0. The total energy of the system with periodic boundary conditions in x
direction reads as

1 al /o quqy
E = - _dudv 1
AP 39 Mrwrn @

with r,, = r, — r,. The sum over n = (nL, 0, 0) with integer n is the sum over the original
and the images of the system, and the prime indicates that for n = 0 the terms with u = v are
to be omitted. Defining the function @ (r) and the factor &, as

1
o (r) =Xn: . for =0 (2a)
and
1
Dy = — (2b)
=z Inl

one may rewrite equation (1) as

=3 Z Qv ®(ri) + Zq2<1>o 3)

u,v=1 u=1
v£u

The first term in equation (3) sums up the contributions from each charge interacting with all
other charges, the originals as well as their images, whereas the second term represents the
contribution from the interaction of each charge with its own images.

To calculate the sums in equation (2), the identity based on the integral representation of
the gamma function I (s)

2
ﬁ F(s) / exp(—x t)dr “4)
is used for s = 1/2. Additionally, the Poisson summation formula in one direction,
\/_ —1/2 G?
+n]°t) = G —— 5
E exp(—[p +nl’1) = E exp(iGp) exp | — - &)

is applied, where G = 2wk /L with k integer denotes the summation index in reciprocal space.
Let us start by evaluating the quantity ®,. Using equation (4), and noting that ['(1/2) = /7,
the sum for ® can be written as

1 o0
Oy = — / 1712 exp(—|n|?r) dt
72

1 /az “12 2 L A
— =12 exp(—n t)dt——/ =12 ar (6)
v P v Jo

where the integral over [0, 00) is split into two intervals, [0, o?] and [a2, 00), with an arbitrary
parameter o > 0, to separate the singular part of the integral. In the second sum, the term with
n = 0 is included and afterwards substracted separately. Direct calculation of the integrals
in the first sum and in the third term, and applying the Poisson summation formula (5) with
p = 0 to the second sum leads to

2
=Y erfc(ot|n|) 1 Z/ ! exp < a )dt - % %)

n#0
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A last integration, separately for G = 0 and #0, yields

erfc(a|n|) 1 5 , 1 G? 2u
Dy = ; i+ plloge?) — lim log()] + 7 G;r (0, 4a2> 7= ®)
where I'(s, t) denotes the incomplete gamma function. The divergent part, log(a?) —
lim,_, ¢+ log(?), resulting from the case G = 0 will also appear in identical form in the evaluation
of @ (r) (cfequation (11)) and is hence absent in the final result equation (13) due to the charge
neutrality of the sytem.

Analogously, one writes for the function @ (r)

(r) = %Z/z 1712 exp(—|r + n|*t) dt

\/_ Z/ exp( [ry + n]zt) exp(—[r_‘z, + rzz]t) dr )

where 7, 7y, and r, denote the x, y, and z components of . Direct calculation of the integral
in the first sum and applying the Poisson summation formula (5) to the second sum leads to
2

d(r) = Z erfc(oel—r+n|) Z/ ~“exp(iGry) exp (—% — [7‘5 + r?]t) de.  (10)

— |7+ n|

The remaining integral in the second term reads, for G = 0, as
2

o 1
/ 1~ exp(—[r] +r21) dt = z{log(az) — lim log(r)
0 ~ t—0*

—y =T, o*[r} +77]) — log(@’[r} +72])} (11)
where y denotes Euler’s constant. One should note that lim,_,o- —y — I'(0, v) — log(v) = 0.
For G # 0, the integral in equation (10) cannot be obtained in closed form. Hence, the
integrand is expanded in powers of r + r , and every term is integrated separately, resulting
in

« G? =\ (=) G
~1 2.2 _ 22 4 2K
/0 t exp<—4—t—[ry+’r'z]t>dt = Z o O+l r<—;< o 2) (12)
Putting together equations (11) and (12) in (10), and combining with equation (8) using (3)
yields the ﬁnal result

Z quq UZ/W 21L Z quqv ZGXP(IGTW x)
uv

u,v=1 u,v=1 G+#0
o] 5 GZ
2 2
Z Towy T Ty I T <—/c 1o 2) for 7y, +7y,, #0
GZ
r (O, 4()(2) for rﬁv’y + riv,z =0
1 N

+i Z ququ{i—y — T, o’ [rbzw,y + rz%v,z])

u,v=1

2 2
Tiw,y i,z 70

—log(@’[ry, , + 77, ] un (13)

where 7,y , Ty, y, and 7, . denote the x, y, and z components of r,,. The last but one sum
can be restricted to charge pairs ¢, and g, for which r y+ r,w . # 0, because the value in the
curly brackets is equal to 0 otherwise.
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3. Dipole-dipole interaction

Analogously to the case of Coulomb interaction, in the following a simulation box of size
L x L' x L" is considered, containing N point-like dipoles p, located at position r,. The total
energy of the system with periodic boundary conditions in the x direction reads as

1 N , . 3 c(ruw v Ty
E2=§ZZ{ e 3l (e + ), - (r +n>]} 14

|’rlll) -i-,rll3 |7"uv+n|5

u,v=1 n
where r,, = r, — r,, the sum is over n = (nL, 0, 0) with integer n, and the prime indicates
that for n = 0 the terms with ¥ = v are to be omitted. Defining the following quantities:

1

U(r) = Zn: = for r#0 (15q)
and

1
W=y — 15b
0= p (15b)
n#0
as well as
exp(—i§ - [r + n])

O(r, &) = XR: T for r#0 (16a)

and
exp(—i§ - n)
Q) =y ——=— (16b)
=z Inl
one may rewrite equation (14) as
N N N
Ey=3) Vo) +5 Y 1w Wo+3 ) (- VO, - VOO Tu, §)le=o
o u=1 o
N
+3 D (1 - Ve)*Op(€)e=o. (17)
u=1

To calculate the sums in equations (15) and (16), the integral representation of the gamma
function I'(s), equation (4), with s = 3/2 and 5/2 is used, as well as the Poisson summation
formula in the following form:

2
anexp(—[p +nl*t —iE[p +n]) = gt—”z chexp(icp) exp (—%) (18)

where G = 2mk/L with integer k denotes the summation index in reciprocal space.
Let us start by evaluating ¥ and W (). Using equation (4) with s = 3/2, and noting that
['(3/2) = /7 /2, the sums in equation (15) can be written as

2

2 % 2 o 2 [
Wy = — / 112 exp(—|n|?t) dt + — / 112 exp(—n?t) dr — —/ 1% dr
ﬁz a? ﬁzn: 0 ﬁ 0

n#0
(19a)

and as

2 oo
Y(r) = ﬁ Z/az 112 exp(—|r +n|*t) dt

+% Z /Oa t'2 exp(—[ry +n’t) exp(—[r} +r2]t) dr. (19b)
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By abbreviating the first integrals in equation (19) as

2 * erfc 2o exp(—ao|r|?
Ba,7) = _/ 1172 exp(—|r|2r) dr = (@lr]) 2aexp(—a|r|?)
VS rl? Jlr?
and using the Poisson summation formula (5) for the second integrals, this yields

403
=> B, n)+—2/ ep(—z>dt—ﬁ (21a)

n#0

(20)

and

o? 2
W(r)=> Bla,r+n)+ % XG:fO exp (-% —[r} +r§]z) de.  (21b)

Analogously, using equation (4) with s = 5/2, and noting that I'(5/2) = 3./ /4, the sums in
equation (16) can be written as

Op(6) = Zexp( i€ n) / /2 exp(—Inlt) dt

n;é()
Zexp( 1£xn)/ exp( n’t)dr — —/ 3% dr (22a)

and as

O(r, &) = \/_Zexp( i¢ - 7°+n])f 2 exp(=|r + n|*t) dt

+ﬁ ; eXp(_iEX[rx + I’l] - l[éyy + €zz])

X / ’ /% exp(—[r, +n1*t) exp(—[r; + r2]t) dt (22b)
A )

where £, £, £, denote the x, y, and z components of £. By abbreviating the first integrals in
equation (22) as

o0
Cla,r) = 132 exp(—|r|*t) dt

Sf o2
_ erfc(a|r|) N 2a exp(—a?|r|?) <% ) L) (23)
|73 Jrlr)? 3 7|2

and using the Poisson summation formula in the form of equation (18) for the second integrals,
one obtains

Bp(§) = Zexp( i - n)C(a, n)+—Z/ ( G+&d )dt— 82 (24a)
n#0 4t ISﬁ

and

O(r, &) = ; exp(—i€ - [r+n))C(a, 7 +n) + % XG: exp(iGry —il€,y +£.2])

2

¢ [G+¢&.T
x /0 exp (—T —[r}+ rg]t> dr. (24b)
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The remaining integrals in equations (215) and (24b) cannot be obtained in closed form.
Thus, the integrand is expanded in powers of ri + rzz, and every term is integrated separately,
resulting in

2

o [G+&,17
/(; exp (_4—t — [rf + r?]t) dr

0 1\ 5
= iH},)(. G+ &Py + 21T (—(K +1), %) . (25)
k=0 .

One should note that equation (25) contains also, as special cases with ri +r22 = 0, the integrals
in equations (21a), (24a),

2

¢ [G+£x]2 _ 1 2 [G+£x]2

For the case £, = 0 in equations (25), (26), being equivalent to the integrals in (21), the
abbreviation

1 G?
-Gr(-1,— for r2+r2=0
b G 2]? 42 y T
o, G, r)=— o) K 2
L (=D" p G
ZWGZ( +1)[’I’§+'I"Z2] r —(K+1),W for ’I‘§+’I"Z27EO
k=0 .

27)

is used, including the factor 2/L. One should note the special case G = 0 in equation (27),
D(a,0,r) = o? for r? + r? =0and D(«,0,7) = [1 — exp(—otz[ri + r?])]/[r_% + r?] for
ri + r? # 0.

Finally, one needs to evaluate (p, - Ve)(p, + Ve)Oo(§)le=o and (u, - Ve)(p, -
Ve)O(r, §)|¢=0. Denoting p, ., p, ,, and p, , as the x, y, and z components of p,, one
obtains

(- VO, - VOO E)le=o = — Y _ (1, - m)(pt, - n)Clat,m) + ) py oty Fer(@, G, 0)

n#0 G
(28)
and
(B - VO, - VOO, )|,y = — Z(Hu ‘[r+nDp, - [r+n)Cla,r+n)
YD e uv,w;ct:wl (G, )G, (G, ) F, 0, (@, G, 7). (29)
G opelvyg

wy€fx,y,z}

The summation over w; and w, runs over all three coordinates x, y, and z, and G, (G, r),
G,(G,r), and G, (G, r) denote the x, y, and z components of the vector G(G, r), which is
defined as G(G,r) = (1,iGry,iGr;). The nine components of the tensor F(a, G, r) are
given by

4
Fi(o,G, 1) = 3L exp(iGry)
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20 G? 1 G? 2., .2
I:l—a] exp (—M>+§F <—1,M) for T)'+TZ =0
> (-1
Z ( ) [ 2+ 2]!(

QL)) z
X k=0 ) ) (30)
2 G
X {4K+1a2K |:1 — (2« + 1)—GO[2 :| exp ( — _4(12)
G2
—2G2K(2K+1)(K+1)F(—(1+K),—>} for 724712 #£0
402 yoos

4
F.(a,G,v) =F),(a,G,7) = F; (o, G, 1) = F. (o, G, 1) = 3L exp(iGry)

20 G\ 1 G?
%exp<—4—2>+zl—‘ <_1, 47) for 'I°§+7'Z2=0
o (04

Y ey

y por 4K+1K! y (31)
X 4K+1a2K2a2 exp| — G’
G2 P\ T a2
GZ
—2G2K(K+1)F<—(1+K),—>} for 7247120
402 y e

and

4
Fy(a,G,r)=F_(a,G,7) = i exp(iGry)

G2
F(—l,m) for T)2,+T?=O
ZW[T§+T§]KF(—(1+K),@> for r§+r127é0.
k=0 .
Putting all the above together, one obtains the final result
N !
E; = % Z Z Wy - 1y Bla, 7y + 1)
u,v=1 n
=3(1y - [ruy + D (R - [Puy + RDC (e, Ty + 1)
N
+% Z Z“’u . H’vD(av G, ryy)
u,v=1 G
=3 )" o t,0,Gn (G 71) Gy (G Tu) Py (@, G 7y
P
200 )
= . 33
N ; 1| (33)

One should note that the same result, apart from the last term —2c°/(3/7) ZMNZI |2, 12, can
be obtained by replacing g,g, — — (i, + V) (1, - V,) in equation (13) and evaluating the
V operators, similar to the cases of periodicity in two of three dimensions [6] and periodicity
in all three dimensions [4].
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4. Conclusion

Using the integral representation of the gamma function and the Poisson summation formula an
Ewald summation technique is developed for long-range electrostatic interactions in systems
that are periodic in one direction and have a finite extent in the two other directions. A
convergence factor, proposed for the summation with periodicity in all three directions [4],
is not needed. Hence, for the case of charges, a term proportional to the square of the net
dipole moment of the system, which has been achieved for three-dimensional systems as a
consequence of the convergence factor [4], does not exist for the present geometry. This result
is similar to the case of three-dimensional systems with periodicity in two directions [6].

Concerning the usage of equations (13), (33) in practical applications, one should note that
the parameter « is usually chosen quite large, so that, for both charges and dipoles, the sum in
real space can be truncated by omitting contributions from pairs («, v) for which |r,,| > L/2.
This means that the real-space sum is restricted to the original simulation box by applying
the minimum image convention. Typically, one uses & = 5/L and includes about 100-200
wavevectors in the sums in reciprocal space.

Acknowledgments

Helpful discussions with A Ordemann and financial support from the Alexander von Humboldt
Foundation (Feodor Lynen programme) are gratefully acknowledged.

References

] Ewald P 1921 Ann. Phys., Lpz. 64 253
] Madelung E 1918 Phys. Z. 19 524
] Adams D J and McDonald I R 1976 Mol. Phys. 32 931
[4] de Leeuw S W, Perram J W and Smith E R 1980 Proc. R. Soc. A 373 27
] Allen M P and Tildesley D J 1989 Computer Simulation of Liquids (Oxford: Clarendon)
] Grzybowski A, Gw6zdz E and Brédka A 2000 Phys. Rev. B 61 6706
] Abramowitz M and Stegun I A 1970 Handbook of Mathematical Functions (New York: Dover)



